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bstract

e calculate lattice constants a and b of mullite with its compositions (Al2[Al2+2xSi2−2x]O10−x) using the constant stress molecular dynamics (MD)
ethod. The Matsui’s and Winkler’s interatomic models for aluminosilicate are adapted. Two sets of mullite models are considered, one with
random distribution of oxygen vacancies and Al/Si substitutions and the other with a partially ordered Al occupancy at the T* sites. All the

imulation results predict the trend observed in experiments in which the lattice constant a increases while b decreases when the x-value increases.

he expansion mechanism induced by Al/Si substitutions is supported by bond length analysis. The reduction of lattice constant b is supported by

he locally anisotropic atom displacement in the a and b directions sensed by the oxygen vacancies. We conclude that the causes of lattice expansion
nd reduction are tightly interwoven with the coexistence of vacancies and Al/Si substitutions and their inherent influence on atom displacements.

2007 Elsevier Ltd. All rights reserved.
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. Introduction

Mullite has outstanding creep resistance, low thermal expan-
ion, low thermal conductivity, high-temperature strength and
ood chemical stability. These properties make it a strong
andidate for structural and high-temperature applications.1

he crystalline structure of mullite consists of edge-sharing
lO6 octahedral chains interconnected by (Si and Al)O4 tetra-
edra. In general, mullite compositions can be described as
l2[Al2+2xSi2−2x]O10−x in which x is the number of oxygen
acancy per unit cell, the Al and Si atoms within the bracket
re tetrahedral bound, and the other Al atoms are octahedral
ound.2 As the x-value increases, the oxygen vacancies and the
luminum contents increase. Although mullite normally forms
solid solution of aluminosilicate with the x-value ranging

etween 0.25 (72 wt.% Al2O3, i.e., 3Al2O3-2SiO2 = 3/2-

ullite) and 0.40 (78 wt.% Al2O3, i.e., 2Al2O3-SiO2 = 2/1-
ullite), the existence of x in the range of 0.18–0.88 has

een reported.3,4
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The crystal structure of mullite displays a near-tetragonal
tom arrangement in the crystallographic (0 0 1) plane. Such
rrangement would logically imply that its a and b lattice con-
tants should both increase or decrease in a similar fashion
ith the x-value. However, experimental observations indicate

n anomaly.a,2,5–8 Cameron2,5 found that the cell dimension in
he a direction expands linearly while that in the b direction
lightly contracts with increasing x-value of mullite. Based on
xtrapolation, Cameron estimated that the crossing point of lat-
ice constants a and b was about at x = 0.67.2 To explain this
nomalous behavior of lattice constants in the (0 0 1) plane, Fis-
her and Schneider8 proposed two possible mechanisms: one
as a contraction mechanism due to oxygen vacancies and the
ther was an expansion mechanism due to the substitution of
i4+ with Al3+. They further hypothesized that the anomaly
ight be reasoned by the possibility of structurally anisotropic
istribution of vacancies since randomly distributed vacancies
nd substitutions would likely have similar expansion-reducing
ffects in both the a and b directions.

a The terms “anomaly” and “anomalous” used herein are intended to highlight
he unexpected lattice trend observed in experiments.

mailto:dchen@ntu.edu.tw
dx.doi.org/10.1016/j.jeurceramsoc.2007.03.001
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Table 1
Potential parameters and atom charges for the Winkler’s potential

Atom pair A (kJ mol−1) B (Å−1) α (Å) C (kJ mol−1Å6) Charge (e)

Al–O 826542.9399 4.6620 0.0000 7052.2141 Al: +1.8000
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i–O 1737092.5134 4.8733
–O 133995.7629 2.7601

The anomaly of lattice constants of mullite and the afore-
entioned, intuitively sound mechanisms have motivated us to

nvestigate the subject through the venue of molecular dynamics
MD) simulation. MD simulation provides a direct and powerful
oute to study the movement of atoms, and consequently the col-
ective mechanisms induced by this movement. The movement
f atoms is governed by classical mechanics. The interactions
etween atom species are described by empirical force fields.
he initial atom positions are often obtained from crystallo-
raphic data.b MD then calculates atom positions and velocities
sing the finite difference method with a small timestep, nor-
ally 0.5–1 fs. Thermodynamics properties are related to atom

ositions and velocities through the machinery of statistical
nsembles. MD simulation often provides a theoretical basis
or understanding experimental results in materials science. For
he subject related to mullite, Winkler et al.9 performed MD on
morphous aluminosilicate (Al2O3·2SiO2) at the temperature
igher than the melting point to study the structure and self-
iffusivity at the melting state. Lacks et al.10 applied MD on the
illimanite and mullite (x = 0.26) to study the anomaly of heat
apacity of mullite.

The objective of this study is to shed light on the causes
f lattice anomaly of mullite using MD simulation. To this
nd, proper derivations of the mullite structure from silliman-
te are discussed. Two well-known interatomic potential models
or aluminosilicate are adapted and their influence on lattice
onstant prediction is studied. Extensive analysis of simulation
esults is conducted to probe the possible mechanisms respon-
ible for lattice contraction and expansion of mullite.

. Simulation methods

We applied the Nosé–Hoover constant stress ensemble (NσT)
n a mullite 18 × 18 × 6 supercell using the DL POLY pack-
ge (Version 2.15).11 The NσT ensemble modifies the equations
f motion with constraints so that the system keeps constant
umber of atoms (N), constant stress (σ), and constant tempera-
ure (T) during the simulation. This ensemble allows anisotropic
hanges of cell size and shape.12,13 We used Melchionna’s ver-
ion of Hoover dynamics.13 Both the thermostat and barostat
ere considered at the same equations of motion. The preset

emperature affects the frictional coefficient ζ and the preset
ressure controls the piston variable η. In this study, the sim-

lation temperature was set at 25 ◦C (298 K) and the external
ressure was set at 1 atm (101.325 kPa). The relaxation time for
hermostat and barostat was 0.5 and 0.8 ps, respectively.

b Nevertheless, the atom coordinates of mullite used in MD cannot be obtained
irectly from crystallographic data, as shall be explained in the next section.
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0.0000 12884.4236 Si: +2.4000
0.0000 16884.8750 O: −1.2000

The basis lattice vectors of the simulation box are the func-
ion of ζ and η in every timestep. We calculated the new lattice
ectors at every 0.5 ps. The Verlet leapfrog integration method
as applied. The timestep was 0.0005 ps and the total simu-

ation time was 12.5 ps, including 2.5 ps for the equilibration
ime. The reported lattice constants herein were the average val-
es obtained from 2.5 to 12.5 ps. The orthorhombic periodic
oundary condition was used in the simulation.

The interatomic potential models for the aluminosilicate
nclude the short-ranged pair potential and the long-ranged elec-
rostatic force. We utilized two different potential models: one
roposed by Winkler et al.9 (Winkler’s potential) and the other
y Matsui14 (Matsui’s potential). In order to follow the potential
odels implemented in the DL POLY package, we kept the pro-

osed atom charges for the long-ranged electrostatic force but
odified the proposed potential parameters into an equivalent

ne. For both the Winkler’s potential and Matsui’s potential, the
ong-ranged electrostatic force and the Born–Huggins–Meyer
otential model were used. The potential form can be expressed
s:

(rij) = qiqj

rij
+ A exp[B(α − rij)] − C

rij6 (1)

here rij is the distance between atoms i and j, qi and qj the
tom charges, and A, B, α, and C are the potential parameters,
espectively. The potential parameters and the atom charges of
he Winkler’s and Matsui’s potentials used herein are listed in
ables 1 and 2. It is worth noting that we did not include mod-

fication at a very short distance in the Winkler’s potential. The
ationale is that such modification should not affect the prop-
rties of the system at low and intermediate temperature.9 For
ll the short-ranged potentials, the cut-off distance was 6 Å. The
tandard Ewald sum method for the long-ranged electrostatic
orce was adapted with the cut-off distance of 6 Å.

The atom coordinates of mullite cannot be obtained directly
rom the inorganic crystal structure database (ICSD), because
he occupancy factors of Al/Si atoms at the T and T* sites and O
tom at the O(C) site do not equal to one. Alternatively, Angle
nd Prewitt15 suggested that it is possible to derive the mullite
tructure from sillimanite by removing O atoms at O(C) sites and
eanwhile replacing twice of Si atoms by Al. Most atomistic

tudies10,17,18 applied this rule to build the mullite model and
t was consequently adapted herein. The mullite 18 × 18 × 6
upercell was derived from 18 × 18 × 3 sillimanite. Table 3 lists
he crystallographic data of the sillimanite used in this study.

he mullite structure was constructed by randomly removing
xygen vacancies at the O(C) sites and randomly replacing Si
y Al in the supercell. A set of mullite models were created in
hich the x-values were equal to 0.20, 0.25, 0.30, 0.40, 0.50,
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Table 2
Potential parameters and atom charges for the Matsui’s potential

Atom pair A (kJ mol−1) B (Å−1) α (Å) C (kJ mol−1 Å6) Charge (e)

Al–O 0.7196 5.8140 2.6067 3336.3000 Al: +1.4175
Si–O 0.6736 6.2112 2.5419 4467.1000 Si: +1.8900
O–O 1.1548 3.6232 3.6430 8210.2000 O: −0.9450

Table 3
Crystallographic data of sillimanite retrieved from ICSD database. The collec-
tion code is 25711 with the source originally from Burnham16

Atom X Y Z

Al1 (Al(O)) 0.0000 0.0000 0.0000
Al2 (Al(T)) 0.1419 0.3447 0.2500
Si1 (Si) 0.1535 0.3404 0.7500
O1 (O(A,B)) 0.3599 0.4078 0.7500
O2 (O(A,B)) 0.3576 0.4352 0.2500
O3 (O(C)) 0.4753 0.0008 0.7500
O4 (O(D)) 0.1248 0.2237 0.5164
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all the subsequent simulation results were obtained from this
combination.

Fig. 3 gives a detailed comparison between the calculated
results and experimental data. All the five simulation results
he space group is Pbnm with the lattice constants: a = 7.4856Å, b = 7.6738 Å,
nd c = 5.7698 Å.

.55, 0.60, 0.66, 0.70, 0.75, 0.80, and 0.85, respectively. The
otal number of atoms was 30,715 for x = 0.20 and 29,452 for
= 0.85. Since random distribution was involved in constructing

he mullite, five samples were generated for each x-value. The
ata reported below were the average simulation results from
hese samples.

The random distribution of Al/Si substitutions in the afore-
entioned 18 × 18 × 6 supercell implies that there is no

orrelation of cation occupation at the T* sites of mullite. Nev-
rtheless, Angle and Prewitt15 pointed out that the T* site is
ostly occupied by Al. To cope with this observation, another

et of mullite compositions were constructed in which the T*

ites were all occupied by Al. Since O(C) atom is cross-linked
y alternating Si and Al in sillimanite, the complete occupation
f Al at the T* sites can be achieved by replacing one Si with Al
inked with the oxygen vacancy. In order to maintain the charge
alance, we randomly replaced another Si by Al in the super-
ell. We called the model with the complete Al occupation at
he T* sites a partially ordered model. Again for all the partially
rdered models, five samples were generated for each x and the
verage simulation results from these samples were obtained.

. Results

The calculated lattice constants a and b from the models
ith randomly distributed and partially ordered Al/Si substi-

utions are plotted in Fig. 1. The Matsui’s potential was used.
oth sets predicted that the lattice constant a rises linearly while
gradually decreases with increasing x-value. The trend pre-

icted by the partially ordered set appeared to agree better with
he experimental measurements.8 Fig. 2 plots the calculated lat-

ice constants from the set of partially ordered models using the

atsui’s and Winkler’s potentials. Both interatomic potentials
ielded the correct trend but that from the Matsui’s appeared to
gree better with the experimental measurements. Overall, the

F
u

ig. 1. Calculated lattice constants a and b from the models with randomly
istributed and partially ordered Al/Si substitutions. The Matsui’s potential was
sed.

est agreement between the calculated and experimental values
as obtained when the partially ordered model with the Mat-

ui’s potential was used. Thus, if not particularly mentioned,
ig. 2. Calculated lattice constants a and b from the partially ordered model
sing Matsui’s and Winkler’s potentials.
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Fig. 3. Comparison of lattice constants a and b between the calculated and
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Fig. 4. Evolution of static lattice, short-ranged potential, and electrostatic ener-
gies for mullite composition at (a) x = 0.20 and (b) x = 0.85. The static lattice
e
s
s

d
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xperimental values. The experimental data were obtained from Fischer and
chneider8 and the calculated data were based on the partially ordered model
sing the Matsui’s potential.

or each x were drawn. As shown in the figure, these simula-
ion results were well-distributed within a satisfactory range for
ach x. The trend of the calculated lattice constant a and b was
n good agreement with the experimental data. The curve of the
alculated lattice constant b was similar to that from experi-
ents. Although the slope of the calculated lattice constant a

id not match well, the maximum mismatch between the calcu-
ated and experimental values was below 2%. The interpolated
rossing points were about 0.64 and 0.70 from experiments and
imulation, respectively.

Fig. 4 shows the time evolution of the total static lattice
nergy, short-ranged potential and electrostatic energy per cell
uring the simulation. The stabilization of the static lattice
nergy was reached at about 2 ps. The contribution from the
lectrostatic force was greater than that from the short-ranged
nteratomic potential. Fig. 5 depicts the time evolution of lat-
ice constants a and b during the simulation at the composition
equal to 0.20, 0.70, and 0.85, respectively. All the five simu-

ation results for each x-value were drawn and the results were
gain well-distributed within a satisfactory range. The change of
attice constants in all compositions was stabilized at about 1 ns.

common trend was observed for all the compositions in which
he lattice constant a increases while b decreases from the initial
illimanite model. At the final equilibrated state, we observed
hat a < b for x = 0.20, a ≈ b for x = 0.70 and a > b for x = 0.85.

e also found (not shown) that the three inter-axial angles α, β,
nd γ during the simulation remained approximately at 90◦. It
hus indicated that the cell shape did not change with increasing
during the simulation.

. Discussion
All the aforementioned simulation results offer clear evidence
hat randomly distributed vacancies and Al/Si substitutions
roduce different expansion-reducing effects in the a and b

o
t
t
p

nergy is the sum of the short-ranged potential energy (the upper side of the
mall figure) and the long-ranged electrostatic energy (the lower side of the
mall figure).

irections. Thus, the causes of lattice anomaly cannot be simply
elated to the possibility of structurally anisotropic distributions

f oxygen vacancies suggested previously8. In order to probe
he collective mechanisms from atoms and oxygen vacancies
hat would induce the anomaly of lattice constants in the (0 0 1)
lane, bond length analysis and local atom displacement from
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ig. 5. Time-dependent evolution of calculated lattice constants a and b for
ullite composition at x = 0.20, 0.70 and 0.85.

xygen vacancies were conducted. For the former, the bond
ength of each atom pair in tetrahedral elements within a cut-off
f 2 Å was counted. Table 4 lists the results at the composition
equal to 0.20, 0.70, and 0.85, respectively. We found that the
ond length of AlO4 was longer than SiO4. The results sup-

8
ort the expansion mechanism induced by Al/Si substitutions.
s the x increases, the alumina contents increase as well and

onsequently, the lattice constants a and b increase.

able 4
etrahedral bond lengths in mullite calculated for compositions x = 0.20, 0.70,
nd 0.85

tom pair Bond length (Å)

x = 0.20 x = 0.70 x = 0.85

l(T) O(A,B) 1.76 1.76 1.77
l(T) O(D) 1.76 1.76 1.76
l(T) O(C) 1.76 1.76 1.77
i O(A,B) 1.64 1.64 1.65
i O(D) 1.64 1.64 1.65
i O(C) 1.64 1.64 1.65
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ig. 6. Distribution of 20 isolated oxygen vacancies in the mullite 18 × 18 × 6
upercell.

Analysis of local atom displacement from the oxygen
acancy provides another mean to examine possible lattice
ontraction and expansion mechanisms. For mullite, we are par-
icularly interested in studying such displacement as the x-value
ncreases. To this end, we re-designed the mullite 18 × 18 × 6
upercell for x = 0.20 and 0.40. The positions of 20 isolated oxy-
en vacancies in the model were fixed a priori. Fig. 6 depicts and
abels these designated oxygen vacancies in the supercell. These
acancies were served as the seeds to probe the local expansion
nd contraction when the x-value changed from 0.20 to 0.40.
ther remaining oxygen vacancies and Al/Si substitutions were
enerated randomly outside the cut-off radius 4 Å of the des-
gnated vacancies. Doing so thus ensures that for these seeds,
he topology of their neighborhood atom arrangement remains
lmost unchanged in about the size of a unit cell in the (0 0 1)
lane. Under this controlled circumstance, it is then possible to
ompare the local atom displacement within the cut-off of the
esignated vacancy as the x-value increases.

The relationship between local atom displacement and lat-
ice expansion and contraction can be understood as follows.
onsider a simple illustrative example in Fig. 7 in which an

tom is moving away from the designated vacancy as the x-value
hanges from 0.20 to 0.40. Because the relative displacement is
uite small, the atom is likely to stay in the same quadrant in both
onfigurations. Under this assumption, the relative displacement
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Fig. 7. Illustration of an atom moving away from an oxygen vacancy.

Fig. 8. Contribution of local atom displacement in the neighborhood of des-
ignated oxygen vacancies along (a) the a-axis and (b) the b-axis. The oxygen
vacancy ID is listed in Fig. 6.
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a of an atom in the a direction with respect to the designated
acancy can be expressed as:

a = sgn(r · ea)(r̂ − r) · ea (2)

n which r and r̂ are the position vectors of the atom with respect
o the vacancy at x equal to 0.20 and 0.40, respectively, and ea

s the unit vector in the a direction. The sgn in Eq. (2) is the
ign function that yields +1.0 if r·ea > 0 and −1.0 otherwise.
imilarly, the relative movement δb of an atom in the b direction
ith respect to the designated vacancy can be expressed as:

b = sgn(r · eb)(r̂ − r) · eb (3)

n which eb is the unit vector in the b direction. The positive val-
es of δa and δb stand for expanding action in the neighborhood
f the vacancy while the negative ones for contracting action.
very atom in the neighborhood of the designated vacancy
ould result in some contributions of expanding or contract-

ng action in the a and b directions. Fig. 8 plots the summation
f such action for all the 20 oxygen vacancies. As shown in the
gure, 14 sites sensed expansion and 6 sites sensed contraction

n the a direction. The numbers changed to 7 and 13 in the b
irection. The total summation was 13.1 Å in the a direction and
5.8 Å in the b direction.
The results shown in Fig. 8 were rather inhomogeneous. All

he four possible combinations of lattice contraction and expan-
ion in the a and b directions were sensed by some vacancies.
he results suggest that such local contraction and expansion
re rather complex as the x-value changes from 0.20 to 0.40.
verall, anisotropic atom displacement is induced in the a

nd b directions and such action supports the anomalous trend
here the lattice constant a increases and b decreases as the

-value increases. Additionally, this induced anisotropic atom
isplacement offers another evidence that randomly distributed
acancies and Al/Si substitutions are capable of producing dif-
erent expansion-reducing effects in the a and b directions.

. Conclusions

The anomaly of a and b lattice constants with increasing x-
alue of mullite was successfully predicted using the constant
tress molecular dynamics method. The best agreement between
he calculated and experimental values was obtained when the
artially ordered model with the Matsui’s potential was used.
he maximum mismatch between the calculated and experi-
ental values was below 2%. Bond length analysis of tetrahedral

lements supports the expansion mechanism induced by Al/Si
ubstitutions. Anisotropic atom displacement sensed by the des-
gnated oxygen vacancies supports the anomalous trend where
he lattice constant a increases and b decreases as the x-value
ncreases.

The present study offers clear evidence that the causes of

attice anomaly are tightly interwoven with the coexistence of
he formation of oxygen vacancies and Al/Si substitutions. The
nomaly cannot be simply related to the hypothesis associated
ith the possibility of structurally anisotropic distributions of
xygen vacancies.



pean

A

i
t
p
a
v

R

1

1

1

1

1

1

1

1

J.-C. Chen et al. / Journal of the Euro

cknowledgements

The research was supported by the National Science Council
n Taiwan under award no. 94-2218-E-002-062. We are grateful
o the National Center for High-performance Computing for
roviding the computational resources. Jen-Chang Chen would
lso like to thank Dr. Bill Smith at Daresbury Laboratory for the
aluable discussion on the DL POLY program.

eferences

1. Schneider, H., Basic properties of mullite. In Mullite, ed. H. Schneider and
S. Komarneni. Wiley–VCH, Weinheim, 2005, pp. 141–155.

2. Cameron, W. E., Mullite: a substituted alumina. Am. Mineral., 1977, 62,
747–755.

3. Fischer, R. X., Schneider, H. and Schmücker, M., Crystal structure of Al-rich
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